We study gravitational and electromagnetic perturbation around the squashed Kaluza-Klein black holes with charge. Since the black hole spacetime focused on this paper have SU (2) × U (1) ≃ U (2) symmetry, we can separate the variables of the equations for perturbations by using Wigner function D J KM which is the irreducible representation of the symmetry. In this paper, we mainly treat J = 0 modes which preserve SU (2) symmetry. We derive the master equations for the J = 0 modes and discuss the stability of these modes. We show that the modes of J = 0 and K = 0, ±2 and the modes of K = ±(J + 2) are stable against small perturbations from the positivity of the effective potential. As for J = 0, K = ±1 modes, since there are domains where the effective potential is negative except for maximally charged case, it is hard to show the stability of these modes in general. To show stability for J = 0, K = ±1 modes in general is open issue. However, we can show the stability for J = 0, K = ±1 modes in maximally charged case where the effective potential are positive out side of the horizon.
I. INTRODUCTION
In recent years, the studies on higher dimensional black holes have attracted much attention in the context of the brane world scenario. One of the main reason is that mini black hole creation in a particle collider was suggested [1] [2] [3] [4] [5] [6] based on some brane world model. Such physical phenomena are expected to give us a piece of evidence for the existence of extra dimensions and to draw some information towards quantum gravity.
It is known that higher-dimensional black objects admit various topology of horizon unlike four-dimensional case. In fact, there are many exotic solution of Einstein equation in higher dimensions in addition to black holes, e.g. black rings, strings, Starns and di-rings [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] .
To predict what type of black objects are created in a particle collider, one of the important criterion is their stability against small gravitational perturbations. In [17] , Kodama and Ishibashi showed that the equation of motion for perturbation of the maximally symmetric higher-dimensional black holes reduces to single master equation for each mode. They also showed the stability of the higher-dimensional Schwarzschild black holes. Recently, much effort has been devoted to reveal the stability of higher-dimensional black holes with more complicated structure by many authors [18] [19] [20] [21] [22] [23] [24] [25] [26] .
From a realistic point of view, the extra dimensions need to be compactified to reconcile the higher-dimensional gravity theory with our apparently four-dimensional world. We the instability empirically appears in the lower modes, we mainly focus on the perturbations in J = 0 modes which preserve SU(2) symmetry. In this paper, we derive the master equations for (J = 0, M = 0, K = 0, ±1, ±2) modes which have SU(2) symmetry and the highest modes (K = ±(J + 2)). Using the effective potential functions in the master equations, we discuss the stability for these modes.
There are several motivations to study the perturbation for SqKK black holes with charge.
One is to understand the property of the spacetime deeper by using small perturbation as a probe such as quasinormal modes. Next, the stability of SqKK black holes is needed for the arguments in the physics around the black holes [48-53, 57-59, 61 ] to be meaningful.
Finally, it is also useful to consider the perturbation for SqKK black holes with charge to understand the effective theories reduced from unified theories based on string theory which usually contains not only gravity but also gauge fields.
The organization of this paper is as follows. In section II, we review the geometry of SqKK black holes with charge and the formalism to classify metric perturbations based on the symmetry. In section III, we derive the master equations for master variables. By analyzing these equations, we discuss the stability of SqKK black holes with charge. The final section is devoted to the discussion. 1 Note that the stability of J = 0, K = ±1 modes were not shown analytically since there are some mistakes in the discussion in J = 0, K = ±1 modes in [56] . It is hard to find S-deformation function to show stability for these modes analytically. To find S-deformation function analytically is open issue. However, the stability for these modes have been confirmed by numerical method in [57] .
II. SQUASHED KALUZA-KLEIN BLACK HOLES WITH CHARGE
In this section, we review the geometry of SqKK black holes with charge [31] and the formalism to classify metric perturbations based on the symmetry [20, 56, 62] .
A. Geometry of squashed Kaluza-Klein black holes with charge
We start with the five-dimensional Einstein-Maxwell system whose action is given by
where G, R and F µν = ∂ µ A ν − ∂ ν A µ are the five-dimensional gravitational constant, the Ricci scalar curvature and the Maxwell field strength with the gauge potential A µ . From this action, we obtain the Einstein equation
with
and the Maxwell equation
SqKK black holes with charge [31] are solutions of Eqs. (2) and (4) whose metric and gauge potential are given by
where the functions F (ρ) and K(ρ) are
and ρ 0 and ρ ± are constants which satisfy
and the invariant one forms σ a (a = 1, 2, 3) of SU(2) are given by
The domains of angular coordinates are 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π, 0 ≤ ψ ≤ 4π, and radial coordinate ρ runs in the range 0 < ρ < ∞. Horizons locate at ρ = ρ ± .
In the region far from the horizon, the metric (5) becomes
where r ∞ = 2 (ρ + + ρ 0 )(ρ − + ρ 0 ) is the size of the extra-dimension. So we can see that the spacetime behaves effectively four-dimensional Minkowski spacetime if we focus on physical phenomena whose typical size is much larger than r ∞ . On the other hand, in the vicinity of the horizon, the metric (5) has five-dimensional nature. To see this we introduce new coordinates η, r and new parameters r ± as
then the metric (5) becomes
In this coordinate, the horizons locate at r = r ± and the shape of horizon is a squashed S 3 which is characterized by the function k(r). Especially, if the size of the horizon is much smaller than that of extra-dimension r ∞ ≫ r ± , then we can see that the function k(r) ≃ 1 and the metric (12) behaves almost five-dimensional Reissner-Nordström black holes in the vicinity of the horizon.
The Komar mass M and electric charge Q for this SqKK black hole are given by [31, 49] 
For later calculations, it is convenient to define the new invariant forms,
The metric (5) can be rewritten by using σ ± ,
B. Classification of the perturbations based on the symmetry Next, we introduce the formalism to classify metric perturbations based on the symmetry [20, 56, 62] . The metric (5) has spatial symmetry of SU(2) × U(1) ≃ U(2) which is generated by the Killing vectors
We treat the metric perturbation g µν + h µν and the electromagnetic perturbation A µ + δA µ , where g µν and A µ are the background quantities. Because of the background symmetry, these perturbations can be expanded by using Wigner functions which are known as the irreducible representation of SU(2) × U(1) [20, 56, 62] . Scalar Wigner function is defined by
where 
Here, we have omitted the subscript J, M. The vector Wigner functions satisfy
2 K, M take integers iff J takes integers.
where a = ±, 3 and operations are defined by Lie derivatives;
One can check that D ab ij,K forms the irreducible representation:
The tensor field h µν can be divided into three parts, h AB , h Ai , h ij , (A, B = t, ρ) which behave as scalar, vector and tensor within the submanifold θ, φ, ψ. Similarly, the vector field δA µ can be divided into two parts, δA A and δA i . These perturbations can be expanded using the Winger functions as
Because perturbed quantities are expanded in terms of the representation of the spacetime symmetry, no coupling appears between coefficients with different sets of indices (J, M, K)
in the perturbed equations. In addition, we utilize the Fourier expansion with respect to the time coordinate t.
Interestingly, without explicit calculation, we can reveal the structure of couplings between coefficients with the same (J, M, K). First, since the index K is shifted in the definition of vector and tensor harmonics, then the coefficients h 
Therefore, for zero mode J = 0, we can classify the coefficients by possible K as follows:
Apparently, for h ++ and h −− , we can obtain equations for a single variable, respectively.
For other sets of coefficients (h
they are coupled to the coefficients in each set. As we will see later, after fixing the gauge symmetry, we have the coupled master equations for one or two master variables in each set.
We can also easily see that
modes are always decoupled. The perturbed equations for these modes can be reduced to the master equations for the single variables, respectively. We discuss the stability for J = 0 modes and K = ±(J + 2) modes in the next section.
III. STABILITY ANALYSIS
The linearized Einstein equation is
where the linearized Einstein tensor δG µν and the linearized stress tensor δT µν are given by
where
and R µν , F µν are the background quantities. Note that ∇ µ denotes the covariant derivative with respect to the background metric g µν . The Maxwell equation for the perturbations is
We treat two kind of gauge transformation. One is related to infinitesimal coordinate transformation:
where ξ µ is arbitrary vector field. The other is related to U(1) gauge:
where χ is arbitrary scalar field.
A. Zero mode perturbations (J = 0, M = 0)
In the case of J = 0, M = 0, there are five modes, K = ±2, ±1, 0. We analyze these modes separately. These modes correspond to perturbations with SU(2) symmetry.
K = ±2 modes
In K = ±2 modes, there are two coefficients h ++ and h −− , and these are gauge invariant.
Because the perturbed metric h µν (x µ )dx µ dx ν is real, h −− must be the complex conjugate of h ++ , i.e.h ++ = h −− where the bar denotes the complex conjugate. So, it is sufficient to treat only h ++ . We set h µν as
Inserting Eq. (32) into (++) component of Eq. (24), we obtain the perturbation equation for h ++ whose explicit form is written in Appendix A. By introducing the master variable
and switching to the tortoise coordinate ρ * defined by
we get the perturbation equation in the Schrödinger form,
where the potential V 2 (ρ) is defined by
Here, we introduced new parametersρ − andρ 0 defined bỹ
From Eq. (8), these parameters satisfy the following inequalities,
Since the terms in square bracket in Eq. (36) are given in a power series expansion of (ρ−ρ + ) and the expansion coefficients of these terms are positive, we can see V 2 > 0 in the region ρ + < ρ < ∞. Typical profiles of the potential V 2 are plotted in Figs.1-3. One should be noted that we have equality √ 3Q/(2M) = 1 in maximally charged case ρ + = ρ − from (14), and we normalized the depicted effective potential by using the size of extra dimension. The desired solution for Φ 2 is square integrable in the domain −∞ < ρ * < ∞ with real ω 2 .
Multiplying both sides of Eq. (35) byΦ 2 , and integrating it, we obtain
Because the boundary term vanishes, the positivity of V 2 means ω 2 > 0. Therefore, We conclude that the background spacetime is stable with respect to the K = ±2 perturbations.
K = ±1 modes
Because of the relationsh A+ = h A− ,h +3 = h −3 and δĀ + = δA − , it is sufficient to consider only h A+ , h 3+ and δA + . Thus, we assume
Here, we set the gauge ξ µ dx µ as
and under the gauge transformations (29) , the metric perturbations transform as
So we can impose the gauge condition
which completely fixes the gauge freedom. Substituting Eqs. (40), (41) and (46) into Eqs. (24) and (28), we obtain perturbation equations whose explicit forms are given in Appendix A. Eliminating h t+ from these equations, and defining new variables
we have the coupled master equations for the gravitational and the electromagnetic pertur-
where the effective potentials V 11 , V 12 , V 21 and V 22 are defined by
In order to discuss the stability for K = ±1 modes, we rewrite Eq. (49) and Eq.(50) in the following form
where Φ and V represent the master variables and the potential given by
Multiplying both sides of Eq.(55) by Φ † , and integrating it, we obtain
Because the boundary term vanishes, if the second term of the integrand in the left hand side of Eq. (57) is real and positive everywhere, there is no ω 2 < 0 mode.
We transform the term Φ † V Φ as follows. We diagonalize the matrix V using the unitary transformation
Here,Ṽ and Ψ are defined by
From Eq. (57) and Eq. (58), we can see that the sufficient condition for ω 2 > 0 is bothṼ 11 andṼ 22 are real and positive in the domain −∞ < ρ * < ∞. Here,Ṽ 11 andṼ 22 are written by using the components of matrix V as
One can easily check that bothṼ 11 andṼ 22 are real everywhere. Then, we split the condition bothṼ 11 > 0 andṼ 22 > 0 to two conditions; (i) det V (= detṼ ) > 0 in the domain −∞ < ρ * < ∞, and (ii)Ṽ 11 > 0 andṼ 22 > 0 at one point out side of the horizon.
First, we show the condition (ii). Far from the horizon,Ṽ 11 andṼ 22 behave as
Since the dominant terms of (61) and (62) 
whereρ 0 is defined by Eq. (37) . From (38) and (63), we can see the positivity of det V out side of the horizon. Since we have shown the condition (i) and (ii), we conclude that the background spacetime is stable against perturbation for K = ±1 modes in maximally charged case. 
K = 0 mode
For the K = 0 mode, we set h µν and δA µ as
We set the gauge ξ µ dx µ as
and under the gauge transformation, the metric perturbations transform as
So we can choose the condition
In addition, for the gauge transformation (31), the electromagnetic perturbations transform
We can choose the gauge condition
Substituting Eqs. (64), (65), (74), and (78) into Eqs. (24) and (28), we obtain perturbation equations whose explicit forms are given in Appendix A. Fortunately, in these modes, the metric and the electromagnetic perturbations are decoupled. For the metric perturbations, the master equation becomes
where the master variable Φ 0G (ρ) and the potential V 0G are defined by 
The master equation for the electromagnetic perturbations is given by
where Φ 0E (ρ) and V 0E are defined by
From (38), (81) and (84) 
B. K = ±(J + 2) modes perturbation
As noted in the previous section, the highest modes for h ++ and h −− are always decoupled for arbitrary J. Since these are gauge invariant, it is straightforward to get the perturbation equation for h ++ whose explicit form is given in Appendix A. Defining the new variable
we obtain the master equation
where the potential V J (ρ) is defined by
Since we can see V J > 0 out side of the horizon from (38) and (87), the stability has been shown against perturbation for K = ±(J + 2) modes.
IV. SUMMARY AND DISCUSSION
In this paper, we have extended the stability analysis for perturbations of the SqKK black holes given in [56] to the SqKK black holes with charge [31] . We have expanded the perturbation variables in terms of Wigner function D J KM which have three indices J, M, K, and derived the master equations for (J = 0, M = 0, K = 0, ±1, ±2) modes which have SU(2) symmetry and the highest modes (K = ±(J + 2)). Using the effective potential functions in the master equations, we have discussed the stability for these modes.
Since the modes of J = 0, M = 0, K = ±2 and the highest modes contain only the gravitational perturbation, the perturbation equation for each mode can be reduced to a single master equation. In the mode of J = 0, M = 0, K = 0, the perturbed equations can be reduced to two decoupled master equations. As for the modes of J = 0, M = 0, K = ±1, we have obtained the coupled master equations for the gravitational and the electromagnetic perturbations, in contrast to the case for Reissner-Nordström black holes of which these perturbations are decoupled against all modes [18] . We guess that the coupling for the gravitational and the electromagnetic perturbations comes from the differences of the asymptotic structures.
We have shown from the positivity of the effective potential functions of the master equations that the modes of J = 0, M = 0, K = 0, ±2 and K = ±(J +2) are stable as those in the neutral case. In the case of J = 0, M = 0, K = ±1, the effective potential functions form a matrix. In maximally charged case, we have shown the stability for J = 0, K = ±1 by using the matrix of effective potential functions. In general, because there are domains in which the effective potential functions are negative, we must find an appropriate S-deformation function similar to the discussions in [17, 18] Since the stability for J = 0 modes is suggested in the limit of both neutral case [56, 57] and extremal case, and the instability empirically appears in the lower modes, we expect SqKK black holes with charge are stable.
K = ±2 modes
In K = 2 mode, there is only (++) component of linearized Einstein equation which is given by
The equation for K = −2 mode can be obtained by just replacing h ++ to h −− in Eq. (A1).
K = ±1 modes
In K = 1 mode, there are (t+), (ρ+) and (+3) components of linearized Einstein equation
and there is (+) component of Maxwell equation for perturbations which are given by
The equations for K = −1 mode can be obtained by taking Eq. (A2), (A3), (A4), and (A5) to its complex conjugate equations, and using the relationsh A+ = h A− ,h +3 = h −3 and
In K = 0 mode, there are (tt), (tρ), (ρρ), (t3), (ρ3), (+−) and (33) 
The equation for K = −(J + 2) mode can be obtained by replacing h ++ to h −− in Eq.
(A16).
